Extra dimensions are a common topic in popular descriptions of theoretical physics with which undergraduate student most often have no contact in physics courses. This paper shows how students could be introduced to this topic by presenting an approach to two basic consequences of the presence of compact extra dimensions based on undergraduate-level physics. The insensitivity of low-energy physics to compact extra dimensions is illustrated in the context of non-relativistic quantum mechanics and the prediction of Kaluza-Klein excitations of particles is discussed in the framework of relativistic wave equations. An exercise that could be used as a follow-up to the "particle in a box" is proposed.
I. INTRODUCTION
Extra dimensions are probably the best-known feature of string theory, thanks to a number of discussions in science outreach books 1 , shows 2 , or other initiatives 3 . Physics undergraduate students are generally aware of the existence of the concept, but have little to no formal exposure to it, since extra dimensions appear mostly in discussions of string theory or extensions of the standard model of particle physics, both of which are typically featured at the graduate level. While the development of extra dimensions in modern, realistic theories do require advanced skills like quantum field theory, it is however possible to give substance to the idea using regular quantum mechanics.
This paper attempts to build a bridge between the discussion of extra dimension in popular science and their full-fledged realization in extensions of the standard model 5 and string theory 4 . It is designed to be approachable by students that have dealt with the canonical exercise of a particle in a box 6 , which usually appears early in quantum mechanics courses. In practical terms, the objective of this article is twofold:
• to give a precise meaning to the popularized statement that "small extra dimensions are not visible in low energy physics" 8 , using a similar approach to the treatment in Ref. 9, • to explain one of the most general experimental predictions of extra dimensions.
We will however not discuss the more general context for extra-dimensional theories, the motivation for extra dimensions in particle physics 7 or other features of string theory.
This paper will first develop in Section II the simplest realization of the interplay between usual (infinite) dimensions and small compact dimensions: a particle on a cylinder. Two more complete examples with a 3-dimensional space and one and two extra dimensions will then be studied in Section III in order to build intuition about the general case, which will be treated briefly. Section IV will then extend the discussion -more sketchily -to the case of relativistic theories and derive their main prediction. Finally, the Appendix proposes an example of exercise working out the same steps as the paper, that educators could propose to students as a follow up to the particle in a box.
II. FREE PARTICLE ON A CYLINDER
Let us start in a simplified situation to make the physics clear. We will consider a particle moving freely on an infinite cylinder of radius R: this provides a situation with one infinite direction, along the cylinder, and one compact direction, around the cylinder. Modelling a particle on this surface is quite simple: we will consider a wavefunction Ψ(x, y), on which we impose a periodicity condition Ψ(x, y) = Ψ(x, y + 2πR). The coordinate x therefore spans the infinite dimension, often dubbed z in cylindrical coordinates and y corresponds to R × θ.
As we are interested in the movement of a free particle, the Hamiltonian operator is simply
Changes from the usual free particle will appear from the imposition of the boundary condition, much like in the case of the particle in a box.
The form of the Hamiltonian strongly suggests the Ansatz Ψ λ = exp(ik x x + ik y y). Such a function is indeed an eigenfunction with eigenvalue
Only a subset of these functions, however, verify the periodicity condition: if Ψ λ (x, y) = Ψ λ (x, y + 2πR), then k y must be a multiple of 1/R. The energy spectrum is therefore parametrized by two quantum numbers:
arXiv:1611.01026v2 [physics.gen-ph] 31 Jan 2017
Which we can graphically represent in the plane (E n , k x ) for different values of n as in Fig. 1 0 5
Plot of the eigenenergies for a free particle on a cylinder.
The spectrum is composed of continuous bands for fixed values of n, which each span from a minimum value E n to infinity, with
Let us focus on the low-energy part of this spectrum. In particular, at energies below E 1 , a single continuous band, n = 0, is accessible, as shown in Figure 2 . As a consequence, there is a one-to-one relationship between the energy of the system below E 1 and the momentum along the cylinder p x = k x :
Which is exactly the energy-momentum relation of a one-dimensional free particle. In fact, notice that the energy is completely independent of the radius, which stays valid as long as the energy is below E 1 , or equivalently, as long as k −1
x > R: low-energy, long-wavelength physics is independent of short-distance phenomena. Yet another manifestation of this property is visible at the level of the wavefunction: Ψ 0,kx (x, y) = exp (ik x x) , which is independent of y. Hence, the particle is moving along the cylinder and not around it:
This captures the essence of why compact dimensions are invisible at low energies. In order to ground this statement more firmly, we will now turn to more realistic cases in which we will see that it is true in general for energies smaller than O( 2 /(2mL 2 )), where L is the typical length scale of the extra dimensions.
Low-lying eigenenergies for a free particle on a cylinder. Below the horizontal dashed line at E1, the spectrum is identical to that of a free 1D particle.
III. FREE PARTICLE IN A SPACETIME WITH EXTRA-DIMENSIONS A. One extra dimension
It is now easy to generalize our conclusions to a more realistic situation in which there are 3 usual dimensions with coordinate x = (x, y, z) and d compact extra dimensions with coordinates (ζ 1 , . . . , ζ d ). Let us first start again with a circular extra dimension, i.e. with a single extra coordinate ζ 1 which is 2πR-periodic. The 3 + 1D Hamiltonian is:
It is clear that a plane-wave Ansatz is once more the right form for the eigenfunctions. After imposing the periodicity condition on the circle momentum, the eigenmodes are:
and the associated eigenenergies are:
Here as well, there is a structure with continuous bands, with only one band appearing below an energy threshold of 2 / 2mR 2 . Much like on the cylinder, there is no momentum on the circle at low energies, the usual relation between 3D momentum p and energy E is realized: E = p 2 /(2m), and the eigenfunctions are 3D plane waves
Once again, small extra dimensions are invisible to lowenergy physics.
B. Spherical extra dimensions
In order to get a better grip of the general structure of extra-dimensional theories, let us now probe what would happen if instead of a circle, we consider two extra dimensions forming a sphere of radius R. Here we will make the canonical choice for coordinates: ζ 1 as the colatitude (often named θ) and ζ 2 as the longitude (often named φ). Wavefunctions will have to verify a more complex set of periodicity conditions, that reflect the structure of the sphere:
The generalization of the momentum square operator is − 2 ∆, where ∆ is the Laplacian, which is an operator that can be defined on any smooth curved space.
The free Hamiltonian on the sphere should therefore be
The eigenfunctions for this operator are special functions called the spherical harmonics, which are constructed from the Legendre polynomials and automatically verify the periodicity conditions of Equation 10 . The spherical harmonics are denoted Y µ l and are indexed by two integers, l ∈ N, and µ = −l . . . l.
?
These function are typical special functions appearing in systems with spherical symmetry and have a wealth of well-known properties 10 . In particular, they are the eigenfunctions of the spherical Laplacian operator with eigenvalues l(l + 1), meaning that the eigenenergies are
and are independent of µ, leading to a 2l + 1 degeneracy for each level.
If we now upgrade to three usual dimensions and two spherical extra dimensions, the Hamiltonian becomes:
and the associated eigenenergies are
The lowest-lying mode is proportional Y 00 , which is constant in θ and φ so the analysis of the previous cases repeats: below a threshold in energy of 2 mR 2 , there is no sign of there being extra dimensions as the wavefunction is just exp i k · x and the energy is the usual p 2 /2m.
C. General case
Now that we have covered several examples, it is straightforward to generalize to arbitrary extra dimensions. The wave function will depend on 3 + n coordinates ( x, ζ i ), where the ζ i parametrize some space M whose Laplacian operator is ∆ M , which depends only on ζ i .
It is now easy to write the Hamiltonian:
For a compact M, the Laplace operator has a discrete set of eigenvalues 0 < Λ 1 < Λ 2 < · · · < ∞ and each eigenvalue Λ j has a finite number of associated eigenfunctions χ l j (ζ i ), where l = 1, . . . , N j 11 . In particular, it is always true that χ 0 (ζ i ) is a constant function.
A given space M can always be uniformly scaled up or down by multiplying all lengths by a given factor, which also scales the eigenvalues. It is a good idea to capture this behiavior with the scaling of the volume of M, Vol(M) = L n : expressing the eigenvalues as
makes λ i independent of these global rescalings. The eigenfunctions of our Hamiltonian are
and the associated eigenergies are:
We can see here that L is the typical length scale associated with our space, as were the radii of the circle an sphere we considered in earlier sections, and scaling it up or down changes the energy at which extra-dimensional effects appear. For energies well below λ 1 × 2 2mL 2 , or equivalently for wavelengths larger than L/ √ λ 1 , the system we are describing is identical to a free 3-dimensional particle.
IV. TOWARD RELATIVISTIC THEORIES
As of Fall 2016 there is conclusive evidence that no particle excitation have been produced in collider experiments like the Large Hadron Collider below 1 TeV 14 , which is an energy an order of magnitude above the center of mass energy (mc 2 ) of the heaviest fundamental particle we know: the top quark (m top c 2 = 173 GeV). However, our non-relativistic derivation in Sections II and III holds as long as the energy of the particle is below the relativistic rest energy mc 2 . In particular, if the excitation gap 2 /(2mR) is comparable or higher than the rest mass, the spectrum we determined does not describe the system quantitatively above the first band. This, however, is still enough to preserve the main conclusion of the previous sections: low energy physics is insensitive to the existence of small extra dimensions. The global structure of the spectrum, with separate excitations that have a constant contribution on top of a continuous kinetic energy is preserved as well, but this constant extradimensional kinetic energy has new consequences once relativity is taken into account, which we shall now clarify.
While the proper way of doing relativistic quantum physics is quantum field theory, we will use the relativistic wave mechanics approach, which upgrades the Schrödinger equation to the Klein-Gordon equation 12 , as it captures enough of the complete picture to make interesting observations. Much as the free Schrödinger equation is a quantization of the definition of the mechanical energy of a free non-relativistic particle E = p 2 /2m, the Klein-Gordon equation is a quantization of the relativistic definition of energy:
This equation defines the spectrum of the square of the Hamiltonian operator
? :
In usual 3D space, this equation is not very different from the ones we already solved and it should now be clear that plane waves are again the eigenfunctions. Inserting ψ Λ = exp(i k · x), we find that the eigenvalues of the square Hamiltonian are
Upgrading to a circular extra dimension is straightforward. Diagonalizing the squared Hamiltonian
with plane waves, we find a quantized momentum in the extra dimension, yielding the same general structure of continuous bands:
As in the non-relativistic approach, there is a gap below which the energy-momentum relation is identical to the case without extra dimensions:
The first excitation appears for energies above ( c)/R, which is now independent of the mass, but conserves the feature that smaller dimensions require larger energy to be probed. An interesting consideration is the behavior of the excitation from the point of view of an observer in 3D. It is clear that, for a 3 + nD observer, it is just a free particle moving in 3 + nD space. A 3D observer, however, would see an excitation as a particle moving with an arbitrary momentum k in 3D space. A general method for measuring the mass of particles 13 is to measure their energy and their momentum independently and compute
For particles in the first excited level, one would therefore find
the excitations behave like a heavier copy of the lowenergy particle. These heavy copies are known in the literature as Kaluza-Klein excitations 15 . This has a simple explanation: the kinetic energy in the extra dimension is not seen by a 3-dimensional observer and therefore constitutes a contribution to the energy in the rest frame of the particle.
Kaluza-Klein particles are how particle collider experiments can probe the possibility of extra-dimensions. A complete model with interactions between particles would predict the probability for particle collisions to produce excitations in collisions, and the non-observation of new heavy particles allows limits to be set on the size of possible extra-dimensions. Since Kaluza-Klein particles with a mass below 1 TeV 14 have been excluded, we know that if extra-dimensions exist, they have to be of a radius R < 2 × 10 −19 m.
V. CONCLUSION
Physics students who take a first quantum mechanics course are often eager to learn with more precision the ideas that are presented in popular science, which therefore seems to do a good job of engaging younger people by teasing them with the unexpected developments of modern physics. I believe that it is important to feed this enthusiasm by making contact, when convenient, between the classroom and this now large body of popularized materials. While it is difficult to provide a serious introduction to extra-dimensional theories or to string theory at the undergraduate level, this paper attempts to extract two features of extra dimensions and present them in a format that is both short and elementary. The advanced reader who would want to go further is encouraged to read graduate-level lectures and research-level reviews as for example Ref. 16 and Ref. 17 . An interesting collection of references is also found in Ref. 18. This paper is intended for university educators as well as students and is therefore accompanied with an example of an exercise which can be proposed as a follow up of the particle in a box. A translated version has been submitted to a class of French 3 rd -year undergraduate students at theÉcole Supérieure de Lyon who were at the middle of their first quantum mechanics course. Most students having been able to solve it, it should be expected that this exercise is well suited to undergraduate courses. I would be happy to hear about other attempts at confronting this exercise or variations to students.
